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GRADED LIE ALGEBRAS OF THE SECOND KIND
JIH-HSIN CHENG

ABSTRACT. The associated Lie algebra of the Cartan connection for an abstract
CR-hypersurface admits a gradation of the second kind. In this article, we give two
ways to characterize this kind of graded Lie algebras, namely, geometric characteri-
zation in terms of symmetric spaces and algebraic characterization in terms of root
systems. A complete list of this class of Lie algebras is given.

0. Introduction. In solving the “equivalence problem” for real hypersurfaces in
complex manifolds (cf. [Ca, T1, CM, T2]), a principal bundle with a Cartan
connection is constructed. The homogeneity which E. Cartan, Tanaka and Chern use
in the proof of their theorem arises from a natural grading on the Lie algebra
& = s3u(n + 1,1). That is, & can be decomposed as the direct sum

GE=60_,+6_,+6,+6, +6,
of vector subspaces &, with [®,, 841 C &, .5, &_; # {0},anddim G _, = 1.

In this paper, we study this kind of graded Lie algebra. Given an arbitrary &
graded as above, we construct a quaternionic symmetric space G*/SU(2) - H}' with
an antiquaternionic involutive isometry . Here G* is the adjoint group whose Lie
algebra is the compact dual of &, and H{ is a certain compact connected subgroup
of G". The correspondence is one-to-one under suitable equivalence relations (cf.
§3).

Let G¢ be the adjoint group of &¢ where &¢ denotes the complexification of &.
H¢ denotes the analytic subgroup of G¢ with Lie algebra (&, + &, + &,)¢, and G
denotes the adjoint group with Lie algebra &. Take H = G N H¢. (Note that G is
isomorphic to the analytic subgroup of G¢ with the same Lie algebra &.) Let K be
a maximal compact subgroup of G, and take K, = K N H. It follows that K/K, =
G/H. The fixed point set of o on G*/SU(2) - Hy contains a connected component
which is finitely covered by a Hermitian symmetric space K/U(1) - K¢ where K?
denotes the identity component of K,. The associated twistor space or complex
contact manifold of G*/SU(2)- H} is the complex flag manifold G‘/H¢ =
G"/U’(1) - H{. Moreover, G/H, K/U(1) - K, and G/H¢ are related to G*/SU(2)
- H}' in the following commutative diagram (cf. Theorem 1 in §2).

K/Ky=G/H - G°/H‘=G*/U’(1) - H!
st 5%
K/U(1)-K, - G“/SU(2) - H
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In §4, we give an algebraic characterization of our Lie algebras. Let & = & + B
be a Cartan decomposition of &. Let A, denote a maximal abelian subspace of ‘B.
The set of roots which do not vanish identically on 2, will be denoted by A,. Then
a simple Lie algebra & admits a gradation of the second kind if and only if A
contains a root a such that « is a long root in the set of all roots and the multiplicity
of the associated restricted root is equal to 1. By the above result and the uniqueness
of the gradation, we can give a complete list of our Lie algebras. Finally, we explain
a method to read off certain important associated Lie algebras from the so-called
extended Satake diagrams of our Lie algebras (cf. Proposition 4.4).

This paper is based on the author’s doctoral thesis. In this connection, thanks are
due to Professor Tadashi Nagano for his expert guidance. He was generous with his
time, ideas, and experience.

1. Preliminaries on graded Lie algebras. In this section we summarize some
important facts about graded Lie algebras and deduce what we need for simple
graded Lie algebras of the second kind.

A. Let & be a Lie algebra over a field F. The additive group of integers will be
denoted by Z. Let (® ), . 7 be a family of subspaces of & such that

1) ®=X,.,8, (direct sum),

(2)dim &, < oo forany p € Z,

3G,,6,]c6,,, foranyp, g€ Z.

Then we say that the pair {®,(®,)} or the direct sum & =X, ., ®, is a graded
Lie algebra. Let L = {®,(®,)} and L' = {®’, &)} be two graded Lie algebras.
Then an isomorphism ¢ of & onto &’ as a Lie algebra is said to be an isomorphism
of L onto L" if $(®,) = @, for all p.

B. A semisimple (resp. simple) graded Lie algebra is a graded Lie algebra
L={6,(®,)} over a field F of characteristic O such that & is finite dimensional
and semisimple (resp. simple). Let L = {®,(®,)} be a semisimple graded Lie
algebra. Then we have the following two results (cf. [KN]).

LEMMA B1. There is a unique element E in the center of & such that &, = { X €
&|(ad EYX = pX} forallp.

LEMMA B2. Let B denote the Killing form of &.
(1) B(®,,8,)=0ifp+q+0.
(2) Xe®,and B(X,8_,) = {0} implies X = 0.

C. From now on, we take F to be the real number field R. A simple graded Lie
algebra L = {(®,(8 )} is said to be of the second kind if &, = {0} for p < -2,
®_,# {0} and &_; # {0}. Let L = {®,(®,)} be a simple graded Lie algebra of
the second kind. Then the following holds (cf. [T2]).

LEMMA Cl. [G_, G _]=6_,, [G_,0,]=6,, [6,8,]=6,, [6_,, ®,]=
G_1.[6,,6_,]=06,.

Lemmas B1, B2 and C1 give the next results.
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LEMMA C2. Let e belor —1.

M IfXe Gyand [X,8,]= {0}, then X =0,
Q) IfXe &, and [X,8_]= (0}, then X =0,
BIfXe®,, and [X,8_,]= {0}, then X = 0.
@IfXe &, and [X, G, ]= (0}, then X =0,
O IfXe®, and [X,8_,.]= {0}, then X =0,
©)IfXe &,, and [X,&_,.]= {0}, then X = 0.

LeMMa C3. There is an involutive automorphism o of & having the following
properties:

1) e®,=G6_, forallp.

(2) The quadratic form B(X,0X), X € &, is negative definite.

D. Henceforth, L = {®,(®,)} will denote a simple graded Lie algebra of the
second kind withdim & _, = 1. Let B, = { X € G |[ X, &_,] = 0}.

Lemma D1. (1) 8, = R - E + B (direct sum),
(2) B(B,, E) = {0}.

If we choose a base e 2 of ®_, and let e? be the base of &, with B(e 2,e?) =1,
then we have the following result.

LEMMA D2. Let E, = [e®,e 2] and A = 1/2(n + 1) where n = (dim & _,)/2 + 1.
Then E, = AE.

For the proof of Lemmas D1 and D2, see [T2].

Let 81(2,R) be the Lie algebra of the special linear group SL(2,R). Let o be the
involutive automorphism of & in Lemma C3. Set 4 = (2(n + 1))/%?, and B =
(2(n + 1))}/%¢72. Then Lemma D2 implies [4, B] = E, [E, A] = 24 and [E, B] =
— 2B, which gives the following.

Lemma D3. &_, + RE + &, is isomorphic to 8[(2,R).

E. Let ® = & + M be the decomposition of & into the eigenspaces of o for the
eigenvalues 1 and — 1, respectively. By Lemma C3(2), this is a Cartan decomposition
and K is a maximal compactly imbedded subalgebra of &. More precisely, & and
M areequalto(1 +o)(G_, +G_, + G)and (1 —o)(G_, + &_, + &) respec-
tively, since E = [A4,0A4] forsome 4 € &_,, oF = — E. By Lemma D1 and Lemma
C3(1) for p = 0, o leaves B, invariant. (Actually, this follows from our construction
of 0.)

Therefore (1 — 0)®, is equal to RE + B, where B, = &, + B, is the decom-
position of B into the eigenspaces of o for the eigenvalues 1 and —1 respectively
and & is obviously equal to (1 + 6)&,. Let &% = & + i be the compact real
form of &¢, the complexification of &.

Lemma E1. & is not complex, i.e. & does not admit any complex structure by which
it becomes a complex Lie algebra.
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Proor. If & is complex, there exists a complex structure J on & such that
ad XoJ =Jeoad X for all X € @. Take X = E. Then an easy computation shows
that J leaves ®, invariant. In particular, J leaves &_, invariant. But the dimen-
sion of &_, is odd, a contradiction. Q.E.D.

The next result follows from Lemma E1 and the fact that if &€ is not simple, then
& is complex (cf. [H]).

Lemma E2. Both &€ and &* are simple.

2. Construction of quaternionic symmetric spaces. In this section, we construct
so-called quaternionic symmetric spaces. As in §1, let G¢ be the adjoint group of
®&¢. Let G* be the analytic subgroup of G whose Lie algebra is &* = & + iIt.
Then G* is isomorphic to Int(®*), the adjoint group of &* (cf. [H]). Since the
Killing form of &* is strictly negative definite, G* is compact. If G is the analytic
subgroup of G¢ with Lie algebra &, then G is isomorphic to Irit(®).

Let &, =X,,,®, and set

He={a € G‘|Ad(a) - &, = &, forany p}

where &¢,) is the complexification of & ,,. Denote &, by B. Then the Lie
algebra of H¢ is equal to B¢, the complexification of the Lie algebra 8.

Note that H¢ is a closed subgroup of G¢. Actually G¢ = Int &¢ = (Aut )’ is a
closed subgroup of GL(®°). Therefore H¢ is also a closed subgroup of GL(& ).

Now, let H= G N H¢, so G/H is a submanifold of G°/H‘. Let K denote the
maximal compact subgroup of G whose Lie algebra is @. Note that & + B = &.
Since K acts on G/H transitively, K/K N H = G/H. Similarly, G°/H = G*/G*
N He¢ In particular, G°/H¢ is compact. Therefore G°/H is a complex flag
manifold, G¢/H¢ is simply connected, and G* N H¢ is connected. The Lie algebra
of G¥N H¢isequalto &, + i(1 — 0)® . Recall that (1 — 6)&, =B, + RE.

Note that the eigenvalues of E are 0, +1 and +2 and the + 1-eigenspaces are
nonzero. It follows that the analytic subgroup of G* with Lie algebra iRE is
isomorphic to U(1). Henceforth we denote this subgroup by U’(1). Similarly, the
analytic subgroup of K with Lie algebra (1 + 6)&_, = Ra with aa = (1 + 6)A4 or
A + B is isomorphic to U(1). Henceforth we denote this subgroup by U(1). Let B§
denote the Lie algebra &, + i®B,. Then the analytic subgroup Hj of G* with Lie
algebra B commutes with U’(1) since E annihilates B§. The subgroup U’(1) - Hy
of G* equals G* N H° since it is connected. Let U be the analytic subgroup of G°¢
with Lie algebra C® _, + CE + C®,. Since e’ is the identity on 8[(2,C) but is
not trivial on &<, the homomorphism from U onto Int(81(2, C)) given by restriction
is a nontrivial covering map. Here we identify C®_, + CE + C®, with 8[(2,C) by
Lemma D3.

On the other hand, Adg;, (, ¢, is a two to one covering map from SL(2,C) onto
Int(81(2,C)). But SL(2,C) is simply connected. Therefore U must be simply
connected too. Since a simply connected Lie group is uniquely determined by its Lie
algebra, U is isomorphic to SL(2, C). It follows that the analytic subgroup of G* or
G with Lie algebra 3u(2) = Ra + iRE + iR (the compact real form of 8[(2, C))
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is isomorphic to SU(2). And SU(2) is a normal subgroup of SU(2)- H} (local

product) since [8u(2), B4] = 0. We recall that the involutive automorphism ¢ of &

can be extended to an automorphism of &¢. Now induce an automorphism & of

G* = Int(®*) by 6(g) = ogo . It follows that 6(e*) = ¢°* for X € G*, so we will

use the symbol o instead of 6. Remember that K, is defined to be K N H. But
KNH=Kn(GNH)=KNH =KnN(G*N H)

=Kn(U'(1)-HY) c Kn(SUQ2) - HY).
Therefore
(%) U1)-Ky=Kn(UQ)-U'(1)-H¥) c KN (SUQ2) - HY).

ProrosiTION. K N (SU(2) - Hy) = UQ1) - K,,.

PROOF. We need only show that K N (SU(2) - HY') is contained in U(1) - K,,. Let
x be an element of K N (SU2)- Hy). Then x = ab for some a € SU(2) and
b € H{. Since K C F(o,G*"), the set of fixed points of G* by 6, ab = x = ox = oa
-ob. So a”'oa =b-(ob)"! € SUQ) N H¥. (Note that ¢ leaves SU(2) and H
invariant.) Since every element of H} commutes with elements of SU(2), SU(2) N Hy'
is contained in the center of SU(2), denoted by Z(SU(2)). But Z(SU(2)) = {+1,}
where I, denotes the 2 X 2 identity matrix. Here SU(2) is realized in the usual sense
and o is realized as complex conjugation on SU(2). If a " 'ea = I,, then oa ='a ie.,
a € F(a, SU(2)), the set of fixed points of SU(2) by ¢. Since SU(2) is compact and
simply connected, F(o, SU(2)) must be connected. Therefore, F(o, SU(2)) = U(1).

In this case, () gives the result. If a 'oa = —1I,, then oa = @ and a'a = I, imply
that a=! =‘G and ‘aa = —1,. So @ = —a and a is purely imaginary. Therefore, for
some § € R,

a= [icos(i isinf ]
isinf —icosf
A direct computation shows that
g= [cosﬂ ~sin0} em? 0
sinf  cosf 0 e i7/2

— e»ﬂa . ein/Z

where @ = [%, }] and E = [} _9] under the canonical isomorphism between ®_,
+ RE + &, = Ra + RE + R and 8{(2,R). Therefore a € U(1)- U’(1) and x €
KnUQ)-U'Q)-Hy)=UQ) - K,(see(x)). Q.E.D.

Note that K, may not be connected and some element of U(1) may not commute
with elements of K, But any element of the identity component K of K,
commutes with any element of U(1). The proposition above shows that K/U(1) - K,
is a submanifold of G*/SU(2) - Hy. We will prove that

(I) K/UQ1) - K? is a Hermitian symmetric space of compact type, and

D) G*/SU(2) - H{ is an irreducible Riemannian symmetric space.

To show (I), define an involutive analytic automorphism Ad(s) of K by

Ad(s)k = sks™' forke K
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where s = exp(7a) € U(1). It follows that U(1) - K = F(Ad(s), K)°, the identity
component of the fixed point set of K by Ad(s), since the Lie algebra of
F(Ad(s),K) is equal to Ra + &,. Now, K is compact since it is closed in a
compact group K. Therefore Ad(U(1)- KJ) is compact. We have shown that
(K,U(Q1) - K@) is a Riemannian symmetric pair. Next we are going to show that the
symmetric space K/U(1) - K actually is Hermitian with some complex structure J
determined by U(1).

Denote K/U(1) - KJ by N and denote the tangent space at 0 = 7(e) by N, where
7: K> K/U(1)- KQ is the projection and e is the identity element of K. Identify
N, with (1 +0)®_, since dAd(s), has eigenvalue —1 on (1 +0)®_; and
eigenvalue 1 on Ra + Q. Define an endomorphism J, of N, by J;, = Ad (/)
where j = exp(7a/2). Let Q be any K-invariant Riemannian metric on N. Then

(a) J§ = —I where [ is the identity map on N,

(b) Qu(JoX,J,Y) = Qy(X,Y) for X,Y €N, since Q, is Adx(U1)- KJ)-
invariant, and

(c) J, commutes with each element of the linear isotropy group since [a, 8 3] = 0
and U(1) is contained in the center of U(1) - K.

Therefore (cf. [H]) N has a unique K-invariant almost complex structure, denoted
by J, such that J = J, at N, and the metric Q is Hermitian with respect to J.
Furthermore, J is integrable and with the corresponding complex structure, N is a
Hermitian symmetric space. That N is of compact type follows from the fact that
the center of & is contained in Ra + & . (See Lemma C2.)

To show (II), let Ad(s) work on G* Since the Lie algebra of F(Ad(s),G*) is equal
to 3u(2) + By, it follows that the identity component of F(Ad(s),G*) is equal to
SU(2) - Hy. Since G* N H = U’(1) - H’ is closed in a compact group G*, both Hy
and Ad ;.(SU(2) - Hy') are compact. So (G*, SU(2) - Hj') is a Riemannian symmet-
ric pair. Hence G*/SU(2) - Hy is a Riemannian symmetric space. Next, we show
that ¢ induces an involutive isometry defined on M = G*“/SU(2) - H{. Since both
SU(2) and H{ are left invariant by o, we can induce an involutive map, denoted by
the same symbol o, on M. Let Q be a G*invariant metric on M. We identity M,,
the tangent space at 0 = w(e), with B=(1+0)&_, +i(1 — 0)&_, where =:
G" — G*/SU(2) - H{ is the projection and e is the identity element of G*. Denote
SU2)-H{ by H' and take j = exp(wiE/2)€ H'. For Ze (1+0)%_,, We
il1-0)®_,

QO(Z’W) = QO(ad(./)Z7 Ad(])W) = QO(_— w, Z)

by the previous computation for exp(#iE). Therefore Q,(Z, W) = 0. It follows that
for X, Y € B = M,,

(%) Qo(X,Y) = QO(OX’UY) = Qo(d"oX, do,Y).

Note that we are using the same symbol ¢ acting on the group G*, the Lie algebra
&*, and the symmetric space M. Nowlet p =g -0, g € G*

0, ,(do,X.do,Y) = Qy(d(og) "o ds, X, d(og) "o do,Y
= Qo(doy°dg X, doyodg 'Y ).
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Since do, = d(og)e° da, ° dg™’, the above equation
= Qo(dg™'X.dg™'Y) = Q,(X.Y)

by (**) and since Q is G*invariant with the map x € M — g - x, g € G*, denoted
by g for simplicity. We have shown that ¢ is an isometry.

Since each element of K is fixed by o, N = K/U(1) - K, is the identity compo-
nent of the fixed point set of o. Therefore N is a totally geodesic submanifold of M.
Note that (1 + 0)® _, is the Lie triple system of N.

Now,

U'(1)nH{ € SUQ)NH € Z(SUQ2)) = {+1,)}

and

UQ)NKy=U1)NnKN(U'(1)- HY)

u(1) n(U'(1) - HY) = {(+1,},

Il

since a = bx for a € U(1), b € U’(1) and x € H¥ imply that b 'a = x € SU2) N
Hg c {+1,}. Therefore a is contained in U(1) N U’(1) = {+1,}. A similar argu-
ment shows that SUQ2) N (U’(1) - Hy') is contained in SUR)N U’'(1) = U’'(1). In
summary we have

AYUMD)NHCSUQNHY C{+],},

BUL)NK,={=x1,},

©)SU)nU')-HYH)c U'Q).

Now, the canonical map from U(1) onto U(1)- K,/K, is two-to-one by (B).
Therefore U(1) - K,/K, is diffeomorphic to the unit circle S' and SU(2)-
H{/U’'(1) - Hy is diffeomorphic to SU(2)/U’(1) by (C). But SUQR)/U’(1) is a
simply connected compact 2-dimensional manifold. Therefore it is diffeomorphic to
S2. Finally, M is irreducible by Lemma E2 which says that &* is simple.

Thus we have proved this theorem.

THEOREM 1. The following diagram commutes.

K/Ky=G/H - G°/H‘=G"*/U’(1)- H¥
st s
K/U(1)-K, - G“/SU(2) - H}

Here K/K is fibered by S' over K/U(1)- K, and G*/U’(1) - H{ is fibered by S*
over G*/SU(2) - H}'. The maps G/H — G‘/H  and K/U(1) - K, = G*/SU(2) - Hy
are imbeddings of submanifolds. Furthermore,
(D) K/UQ)- K is a simply connected Hermitian symmetric space of compact
type.
(D) G*/SU(2) - Hy is a simply connected irreducible Riemannian symmetric space
of compact type.
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(II) K/UQ1) - K, is a connected component of the fixed point set of some involutive
isometry o of G*/SU(2) - H.
(IV) G* acts effectively on G*/SU(2) - Hy.

Note that G“ is a simple adjoint group which does not admit any normal
(continuous or discrete) subgroup. The simple connectivity of G*/SU(2) - Hy fol-
lows from the fibration S - G°/H¢ - G*/SU(2) - H! and simple connectivity of
the complex flag manifold G/H¢. Now we give a definition of a special class of
symmetric spaces.

DEFINITION. A quaternionic symmetric space is a Riemannian symmetric space
with a quaternionic structure in which the holonomy has quaternion scalar part. (For
a description of quaternionic structure, see the Appendix.)

Notice that G"/SU(2) - H§' in Theorem 1 is a compact simply connected quater-
nionic symmetric space with an antiquaternionic involutive isometry o and o(0) = 0.
(For the definition of antiquaternionic maps, also see the Appendix.)

Let (M, 0) denote a compact simply connected quaternionic symmetric space M
with an antiquaternionic involutive isometry o. Let (M,,0,) and (M,,0,) be two
such pairs with quaternionic structures A; and A, respectively. Call (M,,0,) and
(M,,0,) equivalent if there exists an isometry f from M,; onto M, such that
6,°of=foo, and f carries A; to A,. We show in the Appendix that the last
condition can be removed without effect.

Note that equivalence of (M, 6,) and (M o,) does not a priori make o, and o, the
same.

Let (G*/SU(2)- H¥ 0) and (G*/SUQ2)- H! &) be two of them. (SU(2) is
isomorphic to SU(2).) Since the Cartan decomposition is unique up to conjugacy, we
may find an inner automorphism p of & extended to an automorphism of &¢ (still
denoted by p) such that p(®) = &, p(M) = M where & + M and & + M are the
two Cartan decompositions of &. Also thereis a 7 € Ad K such that (1o p)E = E.
Her~1ce (,,:) p)®, =, Since su(2) + Bj=G"nN (@5~_~2 + G, + ®,)° and 8i1(2)
+BE=G“N(G_, + &, + &,), Ad(7°p) maps SUQ2)- Hy onto SU(2)- Hy.
Therefore Ad( © p) induces an isometry f from G*/SU(2) - H¥ onto G*/SU(2) - H!
and fo§& = o o f. Furthermore, Ad(r o p) carries SU(2) to SU(2) since 3ii(2) = K
NG, + CE + &%) and su2)=6“N (G, + CE + &%). Therefore f carries
the quaternionic structure of G*/SU(2) - H¥ to that of G*/SU(2) - H®. We have
shown that (G*/SU(2) - HY, é) is equivalent to (G*/SU(2) - HY, o).

3. The reverse process and examples. Let L = {&,(& )} be a simple graded Lie
algebra of the second kind with dim &_, = 1. By Lemma B1, there is a one-to-one
correspondence between the set of L’s and the set of the pairs (&, E) where E € &,
while ad £ is semisimple and has only eigenvalues —2, —1, 0, 1, 2 with the
eigenspace of —1 nontrivial and the dimension of the eigenspace of —2 equal to 1.
From now on, we use (&, E) instead of L to specify the role of the gradation and
call (®, E) a gradation of the second kind for ®. Let (&, E) and (&, E) be two
gradations of the second kind for ® and & respectively. Here (®, E) and (®, E)
are equivalent if there is a Lie algebra isomorphism f from & onto & such that
f(E)=E.
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Theorem 1 in §2 shows how to map the equivalence class of (&, E) to the
equivalence class of (M, o) where M is a compact simply connected quaternionic
symmetric space and ¢ is an antiquaternionic involutive isometry with o(0) = 0 for
some point 0 € M. In this section we show that this map is surjective and injective.

Start with a given compact simply connected quaternionic symmetric space M
with an antiquaternionic involutive isometry o such that o(0) = 0 for some point
0 € M. Let I,M denote the identity component of the isometry group of M. The
isotropy subgroup of I,M acting on M at 0 is denoted by H’. Since M is
quaternionic and simply connected, H' = SU(2) - Hj for some connected compact
Lie group H} which centralizes SU(2). Furthermore, SU(2) acts on the complexifi-
cation M§ = VV ® W of the tangent space at 0, irreducibly on a complex 2-dimen-
sional vector space V, trivially on another complex vector space W. Since o is
antiquaternionic, there is a basis of 3u(2), say

_[o 1] ,_[o0o ~—i
"‘=[—1 o]’ ’B“[—i 0

such that oa = a, 68 = —f, 0E = — E. Here the same symbol ¢ means d Ad(o),
where e is the identity element of J)M. Let & denote the Lie algebra of G* = I;M.
Then d Ad(o), can be extended to an automorphism of the Lie algebra &¢ where
&¢ is the complexification of &* We will use the same symbol ¢ for Ad(o) and
d Ad(o), whenever no confusion will result. Now &* is decomposed into eigen-
spaces & and ‘B of ¢ for the eigenvalues 1 and —1, respectively. Let & = & + i*[3.
We may write i3 as M. ‘

LEMMA. By (X,0X) <0 for X € 6.

PROOF. If X € @, then Bg(X,0X) = By(X, X)= Bg (X, X)=Bg.(X,X)<0
since &* is compact and simple. If X € I, then By(X,0X) = By(X, —X) =
By(iX,iX) = Bg.(iX,iX) <0 for the same reason. If Y€ M, X € Q, then
B(X,Y)= B(oX,Y)= B(X,0Y)= —B(X,Y). Therefore B(X,Y)= B(Y, X)=0.
Since By is bilinear, the conclusion follows. Q.E.D.

COROLLARY. & = & + M is a Cartan decomposition.

Since 6(0) = 0, 0 € M, ¢ leaves invariant the isotropy group H’ = SU(2) - Hy'. It
follows that o leaves H{ invariant since it leaves SU(2) invariant and $u(2) is
orthogonal to B§ = L(H{), the Lie algebra of H{. Therefore B is decomposed
into eigenspaces &, and i, of o for the eigenvalues 1 and —1, respectively where
B, is contained in M. Let = Ra + &) + &, and <M =R + RE + B, + W,
be the orthogonal decompositions. Let s be the involutive automorphism of G* =
I, M defined by s(g) = s,g5, " for g € G* where s, is the geodesic symmetry at 0.
It is easy to see that &, + i, is exactly the eigenspace of (ds), with eigenvalue

-1
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Now su(2) acts on M{=V® W= (8 +IMM,)° as the adjoint action and
irreducibly on V, trivially on W. The action of $u(2) can be extended to that of
8u(2)¢ = 81(2,C) naturally so that 3[(2, C) still acts irreducibly on V' and trivially
on W. By the representation theory of 8[(2,C), V' has the decomposition V_; + V),
where V_, and V; are weight spaces of E for weights —1 and 1. Let &¢,, &f
denote V_, ® W and V; ® W respectively. Then [E,v; ® w]=v, ® wand [E,v_,
®wl=-v_;®w for v, ®we & and v_;, ®@w e &¢,. Since ({ + M,)‘ =
&<, + &f and ad E leaves &, + I, invariant, &, + M, will have the decomposi-
tion &_;, + &, where &_; = ¢, N (K, + D)) and &, = & N (K, + M,). Since
0®_, =©®, and o leaves & _; + &, invariant, it follows that &, = (1 +0)&_,,
M,=A1-0)G_,.

Let _,=R(a+B), &, =R(a~p) and &, =RE + &, + B,. Then it is
easy to see that & = 212, ez.p--2®, is a graded Lie algebra of the second kind with
dim & _, = 1. Since & is compact and simple, &* is not complex. Hence &°¢ is
simple. Therefore & is simple. Now (M, o) can be obtained through the process in
§2 from (®, E). Note that I, M is centerless as shown in the Appendix. If ( M,6) is
equivalent to (M, o), the corresponding & is isomorphic to &. Therefore (&, E) is
equivalent to (&, E) by the uniqueness of the gradation noted in §4. Thus we have
proved the following theorem.

THEOREM 2. There i$ a one-to-one correspondence between equivalence classes of
graded Lie algebras of the second kind with dim & _, = 1 and equivalence classes of
compact simply connected quaternionic symmetric spaces with antiquaternionic involu-
tive isometries that have fixed points. The correspondence is given by (&, E) —
(G“/SU(2) - Hy,0) where the quaternionic symmetric space G*/SU(2) - Hy' with an
antiquaternionic involutive isometry o is constructed in §2.

In the following examples, H¢ always contains the center of G, denoted by Z¢. It
followsthat GN Z=Z, G*N Z°=Z" and H D Z where Z and Z* denote the
centers of G and G* respectively. Therefore each space in the diagram is isomorphic
to the corresponding one in Theorem 1 although G¢ is not centerless a priori.

ExampLE 1. Take

X X
X, =X

. X, X,, X, real n X n matrices

X,, X, symmetric

Let G = Sp(n,R) be the group of matrices in GL(2n, R) which leave invariant the
exterior form x; A x,,; + X, A X,,, + -+ +Xx, A x,, where the action on R =
{(xy, X3,..., X5,)} is canonical. This canonical action induces an action on RP>" 1
the real projective space of dim2n — 1. It is transitive since G contains U(n) (see
below). We take H to be the isotropy subgroup at [1:0: ---:0] € RP*"~ . Now
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G = Sp(n,C), H¢ is the isotropy subgroup of G¢ actingon CP?" ! at[1:0: - - :0],
and o X = —'X for X € &“ = 3p(n,C). Note that H* contains Z¢ = the center of
Sp(n,C) = { £1} where I denotes the identity matrix. Let

0
X 0 0
E=lo x| %~ 0 ’
0 nxn
s 0 -+ 0
0 X 0
@+2_0®_2_ {O 02] XZ_ . 0 ,SER,
0 nXn
0 x2 xn
Xy Xz} 0
&, =c®_, = X;=1. R
+1 1 [0 _[Xl 1 : 0
0
0 » - »n
B %)
=1 0 '
n
x, v, €R2<ign,
* 0 0
X X 0
&, = 1 12 }3X1= : * ,
Xy X .
0
0 0 0 0 O 0
0 0
X, = * s Xy = * ’
0 0

X,, X; symmetric,
X, X .
Q= : X, +'X; = 0, X, symmetric) = u(n),
X X

0
u(1) = [_OX g]:x= : 0 s €RY,

0 nXn
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o --- 010 0
: X A
K, = 0 0 . X skew symmetric, 4 symmetric
0 o --- 0]l0 --- o | Y A8y
o —A X
L 0 J
=u(n—-1),

B,=23p(n—1,R).
Here H = N_X (R, X Sp(n — 1,R)), where X denotes the semisimple product,
N is the analytic subgroup with Lie algebra &, + &,, and R, is just the
multiplicative group of positive real numbers. Similarly

H¢=N:x (C* x Sp(n—1,C))
where N¢ is the analytic subgroup with Lie algebra (&; + &,)¢ and C* is the
multiplicative group of nonzero complex numbers. Moreover

K = U(n), Ko=KNH={+I'"}y xU(n—-1),

5u(2)=(1+0)®_,+i((1-0)®_, + RE)

ic l —a+ib
0 0
= =3p(1,0) = 8p(1),
a+ib i —ic »(1,0) p(1)
0 0
0 0
Ry — X+1iY A + iB | X skew symmetric
°\lo l 0 " B, A, Y symmetric
—A +iB X—-1iY
=sp(n—1),

®“=3p(n), G“=Sp(n).

Now we have the following commutative diagram.

RP 1 =U(n)/{+I'y x U(n—1)
RP' =S}
CP' ' =U(n)/UQQ)yxU(n—-1)
= Sp(n.R)/H — Sp(n,C)/H = Sp(n)/U(1) X Sp(n = 1) = CP*"!

CP' =57}
= U(n)/UQ)-({£I'y X U(n = 1)) > Sp(n)/Sp(1) X Sp(n — 1) = HP""!
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EXAMPLE 2. @ = 3u(Q) = su(p + 1,q + 1) with respect to Q where
0 0 -1 L, 0
0= 0 Ipq 0 ’ Ipqz[o -1 ],
-1 0 0 q
1, denotes the p X p identity matrix.

G=SU(p+gq,q+1),
oX=-'X for Xe @,

[1 0 0 J

E={0 0,., 0 [, n=p-+gq,

0 0 -1

t t

a U, U, it
Z X, X i, aeC A teR
su(Q) =(4-= - = ~lrupz;€CPuy,z,€ CH
S X, 4 U
as column vectors
iA 7y 7z, -—a
X, X, skew Hermitian, X, arbitrary complex matrix, Tr4 = 0,
0 0 0 O
_/{0 0 0 O
©2=110 0 0 off
ix 0 0 O
0 0 0 0 a 0 0 0
Z 0 0 0 0 X, X, 0
@5_1 - _‘22 0 0 0 ’ @0= 0 IA_/ X 0 ’
2 A4
0 7y 7, 0 0 0 0 -a
&, =0G_,, &,=06_,,
f=s(u(p+1)+u(qg+1)),
ip. 0 0 O
0o X 0 0
Ky = =s(u(l)+u +u ,
0 0 0 in
0 0 0
_J|0 0 0 O
v =119 0 0 off
ix 0 0 O

G “=3u(p+qg+2),
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SDODO O

Bi=s(u(l) +u(p+q), By=u(p,q),
su(2) + B =38(u(2)+u(p+q)).

Let M;, ,,,.1 be a real hypersurface of CP™, m = p + q + 1, defined by the
equation

2 2 @ 2 _

lei, - Z ’Zp+jl _ZmEO_ZOZmZO

i=1 j=1
where {z,, z,,...,2,} is a homogeneous coordinate of CP™. Now SU(Q) is a
subgroup of SL(m + 1; C) which leaves M3, ., ., invariant. Let H be the

isotropy subgroup of SU(Q) at the point e =[1:0:---:0]. It is known that
M3, 1044118 simply connected. Therefore H is connected. Actually, H = N X CU

where
1 * *
N,=<(|0 & € H ),
0 0 1

*

S O
=
X o
3
o O
—
m
~———

Now K = S(U(p + 1) X U(q + 1)) while K, = K N H is the isotropy subgroup of
K actingon M3, ,,,; at e and thus equal to S(U(1) X U(p) X U(q)). Moreover,
Gt=SU(p+q+12), UQl)-K,=SWUQ) X U(p)yx U(q)x UQ), U'Q)-H} =
S(UQ) X U(p + q) x UQ1)) and SUQ)- Hf = S(UQ2) X U(p + q)). Here the fol-
lowing diagram commutes.

c _SUp+1)xU(g+1) _
M2p+1,2q+1 - S(U(l) % U(p) % U(q)) - SU(p + 17‘1 + 1)/H
l

S(U(p+1)xU(q+1))

CPIXCPT= 5wy x Ulp) x U() X U(9))
LSL(p+q+2:C) _ SU(p+4q+2)
H¢ ~S(UQ) x U(p + q) x UQ1))
!
SU(p+q+2)

T S(UR) X U(p + q))
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Note that
S(U(p+1)xU(g+1))nS(UA)x U(p+q)x U())

= S(U(1) x U(p) x U(q)).
Therefore our choice of H coincides with the intersection of SU(p + 1,4 + 1) and
H<.

4. Algebraic characterization and classification. Let (&, E') be a gradation of the
second kind for & as defined in §3. Let A¢ be a Cartan subalgebra of &¢ which
contains E, and let A denote the set of nonzero roots with respect to A¢. We take a
basis {a;} of A such that a(E) > 0 for all ;. Let & be the highest root with respect
to this basis. If a € A is positive and if a(E)= 2 then L, = { X € &°|[h, X] =
a(h)X, h € A<} is contained in &$. Since it is clear that &(E) = 2, it follows that
a€ A a(E)=2ifandonly if a = &.

Let E* be the dual of E with respect to the Killing form of &¢ restricted to A<,
Denote the Killing form of &¢ and the associated bilinear form on the dual space of
A by the same notation ( , ). We have shown just above that &§ = L,. Now by
Lemmas D3 and D2 we have

a=2E,E) 'E*
Moreover, we see that any two gradations of the second kind for a given simple Lie
algebra & are equivalent.

Next we give a simple algebraic characterization of our graded Lie algebra. If a
gradation (&, E) of the second kind for & is given, let & = & + M be a Cartan
decomposition of &. Let U, be any maximal abelian subspace of ¢ containing E.
The set of roots which do not vanish identically on % ,, will be denoted by A . A
basis {a;} of nonzero roots with respect to a Cartan subalgebra of & containing
A, is taken such that a(E) > 0 for all j. It is clear that the multiplicity of the
highest root & € A, restricted to %, must be equal to 1. In fact, if @ # a € A
and & = & where & denotes the restriction of a to 9, then a must be longer than &
whose dual liesin 2 .

Conversely, assume that there is a long root @ of A in A, such that the
multiplicity m, of the restricted root & is equal to 1. Let a(/#) be the complex
conjugate of a(h) for h € A = A, + A where A is the maximal abelian subalge-
bra of & containing A, and A, = A N K. Notice that in the reverse process, we do
not have E a priori. So %, is just any maximal abelian subspace of M¢. Then a is a
root and & = a. It follows that a = & by assumption and the dual of « liesin A .

Let ag , denote the integer 2( 8, a)(a, a) ! for a, B € A, the set of nonzero roots
with respect to the Cartan subalgebra A< of &¢. From Schwartz’s inequality, it
follows that 0 < a, gag , < 3 for &, B linearly independent. If « is a long root, |ag ,|
must be equal to either 0 or 1 unless 8 = +a. Therefore E = 2 - (a,a) '. Since
(dual of @) € A, C & will give a gradation of the second kind for &, we have
proven the following result.

THEOREM 3. A4 simple Lie algebra & admits a gradation of the second kind if and
only if A, contains a root a such that o is a long root in A and m, = 1.



482 JIH-HSIN CHENG

Let 3 denote the set of restricted roots, and let (£, m) denote the restricted roots
with multiplicities and their diagram (cf. [L]). Now by Lemma E1, the uniqueness of
the gradation and Theorem 3, we obtain a complete list of our graded Lie algebras in
Table 1.

An extended Satake diagram is constructed by adding the negative of the highest
root as an extra vertex to the usual Satake diagram. For example, if $o( p, ¢) has a
Satake diagram of the following type

O-0O-+---0-0-0-----0=0

Then the associated extended Satake diagram is

8>o_..._o_._._ i —e> e

We shall next explain a method to read off B from the extended Satake diagram
of ®. (See the Proposition below.) Consider B, acting on & _, through the adjoint
action. Let V' be a maximal B -submodule of & _;. Then

ad(B,)[oV,G_,] = [B,, [0V, 6 _,]]
= [or (8B, +[[aV, ). 6]
= [o[V,B,], ®_,] since 6B, =B,
c oV, ®_,].

" The above computation shows that [0V, &_,] is an B -submodule of & _,. By
maximality of V, [¢V, &_,]is contained in V. Now it is easy to see that & , + V' +
Gy + o(V) + @, is an ideal of &. Since & is simple, ¥ must be equal to & ;. We
have shown that B, acts irreducibly on &_; through the adjoint action. Similarly
B¢ acts also irreducibly on &<, through the adjoint representation. Therefore both
B, and B are reductive with dim Z(B§) < 1 where Z(B{) denotes the center of
BE (cf. [Hu, p. 102]). It follows that B, = S(B,) & Z(B,) where S(B,) denotes
the semisimple part of B, and the center Z(8,) of B, has at most one dimension.

Let 9 = % N S(B,) where ¥ is a maximal abelian subalgebra of & containing
E as before. Since E € A and Z(B,) C 4, it is easy to see that U is spanned by E,
91 and Z(B,). Let ' = {a € A|a(E) = 0} where A is the set of nonzero roots with
respect to the Cartan subalgebra % of ®¢. Let A be the set of nonzero roots with
respect to the Cartan subalgebra 9(¢ of S(B,)<. Set & = «| 9(¢ for a € A'. Then
a €A, Conversely, given & € A, the linear form a on A¢ defined by «f 9= a,
a(E) =0, a(Z(B,)) = Ois an element of A’. Since a( E£) = 0 implies a(Z(B,)) = 0,
the correspondence a — & = a| 9(¢ from A’ onto A is injective. We have proved that
there is a linear isomorphism between A’ and A.

Let {a;} be a basis of A such that a;(E) > 0 for all j. Hence {a;|a,(E) = 0} is
a basis of the vector space 4A’, and the corresponding set { &;|a;(E) = 0} is a basis of
A.
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TaBLE 1. Simple graded Lie algebras of the second kind with dim & _, = 1
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(Z,m)
101 1
Al 81 (n,R) 0—0—---—0
2 2 2(p-q) | 2 2 e 1
Alll su (p,a) 0—0--.-—0=>@ [1] 0—0--+—0<&=0
1 1 1 p-q 11 1 e
0—0---0=>0 0—0---0=>0
BDI sn (D,q)
1
11 1 1,0
0—0-- o—o<
1
0
1 1
Cl sp (n,R) O_é_..._é<—=o
* Loy 1 4 n I 4
DIII sn (2n) 0—0- -—0 <=0 0—0—-- - —0=>01 1]
01
11 | 1 1
El €6(6) 0—0—0—0—0
11 2 2
Ell €6(2) 0—0-=>0—0
6 8 [1]
BIE 1 eg 1) 0=>0
i
101 11
EV S7(7) 0—0—0—0—0—0
1
5411
EVI ®7(-5) 0—0<=0—0
8 8 1
?1
101 101
EVIL | eg(g) 0—0—0—0—0-—0—0
1
8 3 1 1
EIX ®g(-24) 0—0 &=-0—0
11 1 1
Fl Py 0—0&=0—0
1 1
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Let S, be any simple ideal of S(*8). Denote the Killing forms of & and S(B,)¢
by B and B respectively. (The associated bilinear forms on duals of Cartan
subalgebras are also denoted by the same symbols.) The invariant symmetric bilinear
forms B|S,; and B|S, on S, coincide up to a positive constant. Therefore we
conclude that

(i) 2B(a;,a,)/B(e;, ;) = 2B(&,,&,)/B(&;, &) for a,, a; satisfying a;(E) =0
a;(E) =0, and ) )

(iii) B(a;, a,) > B(a;, a)) if and only if B(&;,&,) > B(&;, &) for a;, a; satisfying
o, (E)=0,a(E)=0

Since E* is the scalar multiple of &, the usual diagram of S(*8,) is obtained by
deleting the vertex —a& and the vertices which are connected with — & by lines from
the extended usual diagram of & according to (i) and (ii). Let @[m =A,.NS(By)
where 9, is a maximal abelian subspace of IR containing E. (Recall that
® =& + M is a Cartan decomposition and U is always taken to be the maximal
abelian subalgebra of & containing ,,.) Then &, |91 = Oif and only if a;[ ¥,
for a; satisfying o,(E) = 0. Hence, the vertex &; is black if and only if the vertex a;
is black It is also easy to see that two vertices & and &; are connected by an arrow
if and only if the vertices a; and «; are connected by an arrow. We have completed
the proof of the following proposmon

PROPOSITION 4.4. The diagram of the semisimple part S(°B) of B, is obtained by
deleting the vertex — & and the vertices which are connected with — & by lines from the
extended Satake diagram of &.

Let us give a couple of examples to explain the result above. If & = 80(p, g), the
extended Satake diagram may have the following type,

o)

o (44
8>ofo—3m-o—o—---—o=>o

—
so the diagram of S(B,) is given by

o oy

O 00— -0-0—----0=8

which is the diagram of ${(2,R) + $o0(p — 2,9 — 2).
If & = su(p,q), the extended Satake diagram is given by

a, a,
O O Py

® ifp+#g

D
®
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so the diagram of S(°8,) is given by

D)
°®

O€t—>0 2
J— ._

D)
(]

which is the diagram of su(p — 1,4 — 1).

The skew symmetric bilinear form f defined by [X,Y] = f(X,Y)e_, for X,Y €
& _, and a base e_, € &_, is nondegenerate by Lemma C2(4) in §1. It follows that
& _, is even dimensional. By Lemma C3, &; is also even dimensional. Since
dim Z(*B,) < 1 and & is spanned by E and B,, we compute the dimension of
Z(*B,) by the formula

dim Z(B,) = dim ® — dim S(B,) =1 (mod 2).

As aresult, Z(®B,) is equal to {0} for all the cases except Al and AIII.
Now we have Table 2 using the Proposition above and the argument about
Z(*By).

TABLE 2

() Ko B, By
Al sl(n,R) &o(n—2) gl(n — 2,R) s(u(l) + u(n — 2))
Alll - su(p,q) s(u)+u(p-D+u(g-1) u(p-lg-1) s(u)+u(p+4g-2)
BDI  s0(p,q) %0(2)+80(p—2)+30(g—2) 8IQ2,R) +s0(p—2,9—-2) su@)+so(p+qg—4)
CI sp(n,R) u(n-1) sp(n—1,R) sp(n—1)
DII so0*2n) su@)+u(n-2) su(2)+ s0*(2n — 4) su2)+ 50(2n —4)
El €q6) 30(6) s[(6,R) su(6)
EIl €62 s(u(3) + u(3)) su(3,3) 3u(6)
EIIl  eq 14 s(u(l) + u(s)) su(l,s) 3u(6)
EV €9 30(6) + 50(6) 30(6,6) 30(12)
EVI e, 5 u(6) 50%(12) 30(12)
EVII  e;_»s $0(2) + 30(10) $0(2,10) 30(12)
EVIIL ey, su(8) €17 €7(-133)
EIX €3(-24) e, + 30(2) €9(-25) €9(-133)
FI S u(3) $p(3,R) sp(3)
G (U 30(2) 3[(2,R) su(2)

u

Note that &, is a maximal compactly imbedded subalgebra of B, and that B
is the compact dual of B,

From Table 1, we see that there are five classes of classical Lie algebras of our
type. We have dealt with AIIl and CI in §3 in detail. Similarly we can work out the
other three cases. Here we only give E’s and o’s and list the essential spaces
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appearing in Theorem 1 in §2 for reference.

_ 1
AL ® =3l(n+2,R), E- 0. |
oX = —'X, 1
I 1 0 |
0
_ 0 1
BDL. @_5"(11”‘1)’ E 01,
oX = — X, 1 O
0 1 0
i 0 J
0 i
-i 0 0
DIIL ®=s502n), o _ 0
oX=-'X=X, 0 —i
0 i 0
0
TABLE 3
K/K, K/UQ) - K, G*/SU(Q2) - H!
Al SO(m) SO(m) SU(m)
S({£1) x0(m - 2) x{£1}) S(0(2) x O(m - 2)) S(UQ2) x U(m - 2))
. » g SU(p+q+2)
Alll M, g CP? x CP S0 X 0(p + 7))
SO(p) X S0(q) s0(n)
BDI SO(2) X SO(p — 2) X SO(q - 2) 2,-2(6) % 2,2(O) S0(4) x SO(n — 4)
2n-1 _ U(n) -1 _ U(n) -1 _ Sp(n)
c Rpzt = (1} xU(n-1) cpr= U(1) x U(n - 1) HP T Sp(1) x Sp(n—1)
DIII U(n) U(n) SO(2n)
SU(2) x U(n —2) U(2) x U(n - 2) S0(4) x SO(2n — 4)

In BDI, Q, ,(C) denotes a complex quadric of complex p — 2 dimension and
n=p-+gq.

Appendix. A quaternion algebra on a real vector space V is an algebra of linear
transformations of V' which is isomorphic to the algebra of real quaternions, and
whose unit element is the identity transformation of V.

Let M be a Riemannian manifold. The linear holonomy (group) I, at x € M
consists of all linear transformations of the tangent space M, obtained from parallel
translation along curves from x to x. A set A, of linear transformations of M, is
called I -invariant if g4 g~' = A, for every g€ I . A set A of fields of linear
transformations of all tangent spaces of M is called parallel if, given x, y € M and a
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curve o from x to y, the parallel translation 7, along o satisfies 7,47, ' = 4 ;- We
say that A, is I -invariant if and only if A4 extends to a parallel set of fields of
linear transformations of tangent spaces. The extension is unique in that case.

A quaternionic structure on a Riemannian manifold M is a parallel field 4 of
quaternion algebras 4, on the tangent spaces M,, such that every unimodular
element of A4, is an orthogonal linear transformation of M,. Let M be a Rieman-
nian manifold with a quaternionic structure 4. The holonomy I, at x € M is said to
have quaternion scalar part if I, = SU(2) - ®, where ®, is the centralizer of 4, and
SU(Q2) = Sp(1) is the group of unimodular A -scalar transformations. For our
compact simply connected symmetric space M = G“/SU(2) - H} in §2,
Ad(exp(ma/2)) and Ad(exp(wiE/2)) form an anticommuting pair of transforma-
tions of square —1 on M, = (1 + 0)®_, + i(1 — 0)® _,. Therefore Ad(SU(2)) | ,
generates a quaternion algebra on M,. As Ad(SU(2) - Hy')| 5, is the linear holon-
omy containing Ad(SU(2)) as a normal subgroup, G*/SU(2) - H{ admits a quater-
nionic structure in which the holonomy has quaternion scalar part.

Let M be a compact simply connected quaternionic symmetric space. Let A
denote its quaternionic structure. An involutive isometry o with a fixed point 0 € M
is called antiquaternionic if A, = do,A4,do, ' and {q € A,|qdo, = doyq)} is a
complex subfield of A,. It follows that Ad ¢ leaves SU(2) and F(Ado, SU(2)) =
U(1) invariant. Since SU(2)- Hy' contains the Cartan involution, rank G“ =
rank(SU(2) - Hy'). In other words, SU(2) - Hj' contains a maximal torus T of G* In
particular, G* = I, M is centerless. For simplicity of G* and more details, see [W].

Suppose now that in the definition of equivalence relation of the pairs (M, ;)
and (M,, 0,) in §2, we remove the condition that f carries 4, to 4,. Then an easy
argument shows that &, is isomorphic to &,. By the uniqueness of the gradation,
(&,, E,) is equivalent to (&,, E,). Therefore (M,, ) is equivalent to (M,,0,) in
the original sense.

It is known that we have eight families of compact simply connected quaternionic
symmetric spaces, namely SU(n + 2)/S(U(2) X U(n)), SO(n + 4)/S0(4) X SO(n),
and Sp(n + 1)/Sp(1) X Sp(n) for classical cases, and E,/Sp(1) - SU(6), E,/Sp(1)
- Spin(12), Eg/Sp(1) - E;, and F,/Sp(1) - Sp(3), G,/SO(4) for exceptional cases.

ADDED IN PROOF. The author would like to express his gratitude to both the
referee and the editor for their help in improving the English expression of the
original manuscript.
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